Smoothing of Dispersive Waves
In this talk I report on joint work with W. Craig and T. Kappeler generalizing and sharpening such smoothing results. We consider a general class of linear dispersive equations with variable coefficients, for which we prove "micro semi-local" smoothing estimates with asymptotic conditions at infinity. Our method works for certain classes of nonlinear equations as well but I will not consider them here. Using different methods, some related problems have been considered by Ponce, Sjolin, Vega [7] , ConstantinSaut, Hayashi-Nakamitsu-Tsutsumi, Yamazaki [8] , and Kapitanski-Safarov [5] . (Other references may be found in [2] .) There is some nice intuition which explains the smoothing property. Singularities travel along bicharacteristic rays and they travel at infinite speed, as first proved by Lascar [6] and Boutet de Monvel [1] in the 1970^. The rays, if they are not trapped, travel in from spatial infinity. Assuming that the initial datum y? vanishes at infinity backwards along the rays, we deduce that in infinitesimal time the singularities from y have passed by any given point and the solution is smooth. So where has the wave front set WF(u) gone? It resides in the set of points which are trapped in the past. In particular any periodic orbit of the bicharacteristic flow could be in WF(u\ The class of linear equations we treat is the following. Consider the evolution equation
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with a real C°° symbol a(.r,^). Assume it is /( i) Dispersive : --> oo uniformly in x as |^[ -^ oo.
(ii) Flat at infinity :
(iii) Non-trapping : \x(t)\ -»• oo as t -* oo uniformly for |a'(0)| and |^(0)|~1 bounded, where (a;((),^(()) denotes a solution of the bicharacteristic equations
We use the energy method in the following simple form. Write the equation (1) as iOfU = Au and write {u^v) = Re J uvdx. Assuming A* = A and choosing any linear operator B, we take the inner product of (1) with {B -B*)u to obtain 
where u} C a) C ft.
For simplicity we now limit ourselves to the second-order case. Thus we gain one derivative of regularity of the solution for each power of decay of the initial data.
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Corollary.
If there are no trapped rays at all, and \y\ 2 possesses finite moments of all orders, then u € C°° tor allt ^ 0.
What about the behavior forward along a ray ? If a ray is not trapped backwards but is trapped forwards, the solution still is microlocally smooth all along the forward ray in an appropriately narrow microlocal neighborhood. On the other hand, if it is not trapped forwards then it tends to infinity in the forward direction. We now address the question of the asymptotic behavior of the derivatives of the solution u in the forward direction.
For that purpose we need symbols supported in a "full domain" ft = ft" Thus there are bounds on the growth rates of the derivatives of u in the forward direction.
The symbols that appear in Theorem 1 satisfy p < 6 and 1 < p+6 and can be treated as a special case of the Weyl calculus [4] . On the other hand, the symbols that appear in the forward direction have type (m, fc, 1,0) with k ^ -m and two additional properties. They have support in the forward flow, and the derivatives ^ • 9^ in the direction of the flow have p = 0. These properties allow us to prove that such a "forward" operator 
